Abstract. We give a lower bound on the spectral gap for a class of stochastic energy exchange models. In 2011, Grigo et al. introduced the model and showed that, for a class of stochastic energy exchange models with a uniformly positive rate function, the spectral gap of an Ncomponent system is bounded from blow by a function of order N −2 . In this paper, we consider the case where the rate function is not uniformly positive. For this case, the spectral gap depends not only on N but also on the averaged energy E, which is the conserved quantity under the dynamics. Under some assumption, we obtain a lower bound of the spectral gap which is of order C(E)N −2 where C(E) is a positive constant depending on E. As a corollary of the result, a lower bound of the spectral gap for the mesoscopic energy exchange process of billiard lattice studied by and Gilbert (2008, 2009) and the stick process studied by Feng et al. (1997) are obtained.
1. Introduction 1.1. Background and model. Recently, Grigo et al. introduced a class of stochastic energy exchange models, which are pure jump Markov processes with a continuous state space in [10] . The model is a generalization of the mesoscopic energy exchange process of billiard lattice studied in [7] and [8] by Gaspard and Gilbert. Showing the hydrodynamic limit for such a mesoscopic model of mechanical origin is a very important step for a rigorous derivation of a diffusion equation or Fourier law from a system which is purely deterministic.
One of the key estimates required for the hydrodynamical limit is a sharp lower bound on the spectral gap of the finite coordinate process (cf. [12] ). What is needed is that the gap, for the process confined to cubes of size N, shrinks at a rate N −2 . Up to constants, this is heuristically the best possible lower bound. For a wide class of interacting particle systems or diffusion processes, the desired spectral gap estimates have been obtained (cf. [12, 13] ). On the other hand, for pure jump processes with a continuous state space, this type of estimate has been scarcely shown. To our knowledge, only for the Kac walk and its generalizations (cf. [6, 3] ), the sharp estimate of the spectral gap have been shown before the result [10] by Grigo et al. for stochastic energy exchange models. Our goal is, as a first step for proving the hydrodynamic limit, to extend the result in [10] to the class including the mesosopic energy process of the billiard lattice. The dynamics of the stochastic energy exchange model introduced by Grigo et al. is described as follows : For each integer N ≥ 2, denote by Λ N the one-dimensional cube {1, 2, . . . , N}. A Configuration of the state space R Λ N + is denoted by x, so that x i indicates the energy at site i ∈ Λ N , which is a positive real number. Fix a nonnegative function Λ : R 2 + → R + , which is called a rate function, and a continuous function P : R . At each nearest neighbor pair of the lattice (i, i+1), energy exchange independently happens with rate Λ(x i , x i+1 ). When the energy exchange happens between the pair (i, i + 1), a number 0 ≤ α ≤ 1 is drawn, independently of everything else, according to a distribution P (x i , x i+1 , dα) and the energy at site i becomes α(x i + x i+1 ), the energy at site i + 1 becomes (1 − α)(x i + x i+1 ), and all other energies remain unchanged.
More precisely, we consider a continuous time Markov jump process x(t) on R N + by its infinitesimal generator L, acting on measurable bounded functions f : R N + → R as
(1.1)
where
Obviously, the process preserves the total energy N i=1 x i . Therefore, for each E > 0, the set of configurations with mean energy E per site
is invariant for the process. Since S E,N is compact and invariant, the assumed continuity of Λ and P guarantees the existence of at least one stationary distribution π E,N for x(t) on each S E,N . As mentioned, the scaling of the rate of convergence towards the stationary distribution in terms of the lattice size N is of crucial importance in studying the hydrodynamic limit of this model, especially if the system is of non-gradient type.
Under certain conditions, Grigo et al. proved that the spectral gap of the generator L on S E,N is of order N −2 uniformly in the mean energy E ( [10] ). Since their proof used the weak convergence in Vaserstein distance, it applies very general rate functions Λ and transition kernels P . The existence of a lower bound on the rate function Λ and the reversibility of the process are keys of their assumptions. However, as pointed out by themselves, since the mesoscopic energy exchange process of billiard lattice does not satisfy the first assumption, it was desirable to remove the assumption on the existence of a uniform lower bound of the rate function. In this paper, we relax the assumption and study the case where a rate function satisfies Λ(a, b) ≥ C(a + b) m for some C > 0 and m ≥ 0 intuitively. We give a precise assumption later, which is satisfied by the mesoscopic energy exchange process of billiard lattice.
To weaker the condition on the rate function Λ, we need a stronger condition on the reversible measure. Precisely, we assume that our process is reversible with respect to a product Gamma-distribution. This condition is satisfied for general mechanical models and hence mesoscopic energy exchange processes of mechanical origin, such as the mesoscopic energy exchange process of billiard lattice. See also Remark 1.2 below to understand why this condition is natural from a physical point of view.
Notations and main result.
For each γ > 0, let ν γ denote a Gamma distribution on R + with a scale parameter 1 and a shape parameter γ i.e. Let ν γ,N denote the product measure of ν γ on R N + and ν γ E,N := ν γ,N | S E,N denote the conditional probability measure of ν γ,N on S E,N . From now on, we fix an arbitrary γ > 0 and assume that ν γ E,N is a reversible measure for L. We also denote ν γ E,N by ν E,N when there is no confusion. Denote by L 2 (ν E,N ) the Hilbert space of functions f on S E,N such that E ν E,N [f 2 ] < ∞. Then, the associated Dirichlet form is given by
for all f ∈ L 2 (ν E,N ). We define
and call λ(E, N) the spectral gap of −L on S E,N in L 2 (ν E,N ).
Theorem 1.
Assume that there exist a positive constantC > 0 and a real number m ≥ 0 such that the following holds:
Then, there exists a positive constant C > 0 depending only on m and γ such that
for all E > 0 and N ≥ 2. 
and studied the processes of this form in detail in [10] Section 4. The form naturally occurs in models originating from mechanical systems. Actually, the rate function and the probability kernel of the mesoscopic energy exchange models of billiard lattice satisfies (1. If the process is of mechanical form, then by the definition, λ(E, 2) = Λ s (2E)C holds wherẽ
and µ = µ γ is the beta distribution on [0, 1] with parameters (γ, γ). Therefore, if the aboveC is strictly positive and Λ s (s) ≥ s m for some m ≥ 0, then (1.3) is satisfied. Moreover, if (Λ, P ) is of mechanical form and Λ s (s) = s m for some m ≥ 0, then λ(E, N) = E m λ(1, N) holds for all E > 0 and N ∈ N (cf. Lemma 2.1). Namely, we cannot expect an order N −2 bound of the spectral gap to hold uniformly in E. Then, it is natural to ask whether such a bound holds if we incorporate the extra factor E m , and Theorem 1 shows that this is indeed the case. Proposition 1.1. Assume that (Λ, P ) is of mechanical form and Λ s (s) = s m for some m ≥ 0. Then, if
holds, there exists a positive constant C independent of E and N such that
The lack of a uniform lower bound complicates the rigorous analysis of the rate of convergence to equilibrium. Similar problem was found in the zero-range process with constant rate, and it had been an open problem for decades. In 2005, Morris ([14] ) showed that the spectral gap of that model is of order (1 + ρ) −2 N −2 where ρ is the density of particles and N is the size of the system. In the context of exclusion processes, it has been known that if the jump rates are degenerate, the spectral gap does not have uniform lower bound of order N −2 , and instead has a lower bound of order C(ρ)N −2 where C(ρ) is a positive constant depending on ρ, the density of particles (cf [9, 15] ). Recently, the spectral gap for the Kac model with hard sphere collisions is studied by Calren et.al in [4] . By projecting their model to the energy coordinates, we obtain the process called L * LR in our paper with parameters γ = 1 2 and 0 ≤ m ≤ 1 (γ in [4] corresponds to m in our paper). L * LR is a long-range (or equivalently, mean field) version of our process with specific (Λ, P ), which we will denote by (Λ * , P * ). However, since we study the spectral gap in the whole L 2 -space, we cannot apply directly their result, which is for the spectral gap in the symmetric sector. A classical spectral gap for the gradient operator of the product Gammadistribution was studied by Barthe and Wolff in [1] , and they showed that it is of order E −2 for γ ≥ 1. We also remark that the hydrodynamic limit for a special class of our processes, which are gradient, was studied by Feng et al in [5] . The process is called the stick process and of mechanical form with Λ s (s) = s m where m > 0 is a fixed model parameter. We show that we can apply the main result of this paper to this class of models in Section 5. As the hydrodynamic equation of the stick process, the porous medium equation
was derived. Gaspard and Gilbert conjectured that the hydrodynamic equation of the mesoscopic energy exchange models of billiard lattice is also the porous medium equation with m = . By the scaling property of the generator and the reversible measure, the same equation should be derived from the stochastic energy exchange models of mechanical form with Λ s (s) = s m (under the condition that the process is reversible with respect to a product Gamma-distribution). The same equation is derived also from an exclusion process with degenerate jump rates in [9] .
The rest of the article is organized as follows: In Section 2, we give a whole story of the proof of Theorem 1. Precisely, we reduce the spectral gap estimate of the original process to that of a long-range version of our process with specific (Λ, P ), which we will denote by (Λ * , P * ). In Section 3, we justify this reduction, and in Section 4 we give an estimate for this specific model. In Section 5, we show that we can apply our result to the mesoscopic energy exchange models of billiard lattice and the stick process. In Appendix, we give a sharp estimate of the spectral gap of the specific model with N = 3. This sharp estimate is the key of our proof.
Proof of Theorem 1
Our basic idea of the proof is to introduce a few suitably chosen reference processes and compare the Dirichlet forms associated with them and that with the original process. First, we introduce a special process given by a generator L * with
(2.1) where m ≥ 0 and γ > 0 are the constants given in the assumption.
We can rewrite the generator L * (= L * ,m,γ ) given by (2.1) as
is the σ-algebra generated by variables {x k } k =i,j . Here we follow the notations used in [2] (see also [17] ). Note that x i + x j is measurable with respect to F i,j . Using the above expression, we can easily check that ν γ E,N = ν E,N is a reversible measure for the process. The associated Dirichlet form is given by
for all f ∈ L 2 (ν E,N ). We use notations D * or D * ,m when there is no confusion.
We denote the spectral gap of
. Namely, this special model satisfies the assumption (1.3) of Theorem 1. Moreover, the model is of mechanical form with Λ s (s) = s m , Λ r (β) = 1 and P (β, dα) = µ γ (dα).
Remark 2.1. The model defined by the generator L * ,0,1 (namely, the above process with parameters m = 0 and γ = 1) was studied by Kipnis et al. in [11] as an exactly solvable model which describes the heat flow.
We consider this special model because of the following guess: Under the assumption (1.3), the state of each pair of sites achieves the equilibrium (with respect to the state of this pair of sites) at least with the rate proportional to the m-th power of the sum of their energies under the dynamics given by L. Namely, the spectral gap of L can be bounded from below up to constant by that of the process where the state of any pair of sites achieves the equilibrium exactly with the rate proportional to the m-th power of the sum of their energies. Next proposition shows that the guess truly holds. 
Note that the function f i,j x does not depend on x i nor x j . Then, we can rewrite our generator as follows:
Here we use the non-interference property of ν E,N , which is mentioned in [2] . Namely, the conditional distribution with respect to the pair (x i , x i+1 ) of ν E,N on the configuration space with a fixed value
for any E > 0 and N ≥ 2. Now, since L = L 0 for N = 2, by the definition of the spectral gap, we have for any E > 0 and g ∈ L 2 (ν E,2 ),
On the other hand, since E i,i+1 is the integral operator with respect to νx i +x i+1
Finally, by summing up the terms for 1 [16, 17] .
Hereafter, we only work on the process L * . The following scaling relation is simple but the key of the rest of the paper. 
Proof. Recall that for any E > 0, ν 1,N is the image of ν E,N under the map N ) and
holds. Then, the statement follows immediately from the definition of the spectral gap.
To estimate λ * ,m (E, N), we introduce a long-range version of the process L * , which is defined by the generator L *
It is easy to see that ν γ E,N is a reversible measure of L * LR and the associated Dirichlet form is given by 
Comparison techniques between the spectral gap of a nearest-neighbor interaction process and that of its long-range version are known for general interacting particle systems, or a class of continuous spin systems with uniformly positive rate function (e.g. [15, 17] ). However, to apply them to our process, we need to combine their ideas cleverly because of the nonuniformly positive rate function. In fact, unlike general comparison theorems, the spectral gap of L * is bounded from below by the spectral gap of L * LR multiplied by N −2 and the spectral gap of 3-site system. Denote
, 3). Remind that κ m andκ m depend also on γ. Our comparison theorem is precisely given in the following way:
We give a proof of this theorem in the next section.
Once we have Theorem 2 and the scaling relation (2.3), then all we have to show is that κ m > 0 and λ * ,m LR (1, N) is uniformly positive in N. κ m > 0 follows from Corollary 2.1 below. The main work of this paper is to give a uniform lower bound for the spectral gap of L * LR in the size of the system with a fixed mean energy E. It is already done for the case m = 0 in [6] (also in [17] by a different proof): [17] ). For any E > 0 and N ≥ 2,
In particular, inf N λ * ,0
To obtain a uniform bound for positive m, we prove a comparison theorem between the spectral gap of the process with m ≥ 1 and with m = 0. To do this, we use the convexity of the function x m as a function of x ∈ R + , which is true only for m ≥ 1.
In this estimate, the spectral gap of 3-site system appears again. A proof of the Theorem 4 is given in Section 4.
The analysis of the case 0 < m < 1 is more difficult and complicate. First, we give a new type of comparison theorem between λ
holds for all E > 0 and N ≥ 2.
We give a proof of this proposition in Section 4. Obviously, to use the inequality (2.6) we need the following key lemma and the corollary:
Here, we emphasize thatκ m depends on γ. A proof of this lemma is given in Appendix. Next corollary is shown easily from this lemma. .
For the second inequality, we use the inequality
1/m ′ for any nonnegative numbers a, b, c and d, which is obtained by the Hölder's inequality for a two point space equipped with the counting measure.
Then, combining the above inequality with the fact that
, 3), we have
Proof of Theorem 1. Combining Theorem 3, Theorem 4 and Corollary 2.1, for any m ≥ 1, there exists a positive constant C = C(m, γ) such that
for all E > 0 and N ≥ 2. Then, applying Proposition 2.2 and Corollary 2.1, for any
where C(2m, γ) is the constant in the inequality (2.7) and
Repeating the same argument, we have for any 
and
which means there is no uniform spectral gap for the case where m is negative.

Reduction to the long-range model
In this section, we estimate the spectral gap λ * ,m (E, N) from below by λ * ,m LR (E, N) by comparing the associated Dirichlet forms. We first give simple but useful lemmas.
In particular, applying the equality for N = 3, we have
for any a, b, c > 0.
Proof. It follows from Lemma 2.1 directly.
Proof. Since κ m is decreasing in m, κ m ≤ κ 0 and by Corollary 2.1 and
To compare D * LR (f ) and D * (f ), we introduce operators π i,j : S E,N → S E,N which exchange the energies of sites i and j:
Before going to the main result in this section, we prepare the following key lemma. 
Proof. Following the strategy used in the study of the spectral gap for multispecies exclusion processes ( . Note that if m = 0, then we only need to use π k,k+1 but for positive m, π k,k+2 is needed. More precisely, for i < j, we denote K = j − i and define a sequence of sites n 0 = i, n 1 , n 2 , · · · , n 4K−3 by
By the construction, S 4K−3 = π i,j and for all 0 ≤ k ≤ 4K −3, (S k x) n k = x i and |n k −n k+1 | = 1 or 2. Therefore, by Schwarz inequality,
Here, we use the fact that i ≤ n k ≤ j for all 0 ≤ k ≤ 4K − 4 and for each l satisfying i ≤ l < j, ♯{k; {n k , n k+1 } = {l, l + 1}} ≤ 3 and ♯{k; {n k , n k+1 } = {l, l + 2}} ≤ 1 by the construction. We also use the invariance of ν E,N under the permutation of coordinates, which we will use repeatedly without notice.
, we obtain that
By the same argument,
Then, by the definition of the spectral gap and the scaling relation (3.1), we have
and F i,j,k is the σ-algebra generated by variables {x l } l =i,j,k . At the first inequality, we use the relation that
Then, by taking the expectation, we have
Then, combing the inequalities, we have
where we use κ m ≤ 3 2 in the last inequality.
Next is the main result in this section, which allows us to compare the Dirichlet forms associated with the nearest neighbor interaction model and the long-range interaction model. 
Proof.
, the statement is obvious (with the fact κ m ≤ 3 2 ), we assume i < j − 1. First, we remind that
, the last term of (3.3) is bounded from above by
Since the second term of (3.4) can be estimated in the same manner as the first term, we only estimate the first term of (3.4). Rewrite the term
Then, using Schwarz inequality, we can bound the first term of (3.4) from above by
(3.5)
up to constant depending only on m. We estimate three terms of (3.5) separately.
The last term of (3.5) is equal to
and therefore we can apply Lemma 3.3. By the change of variable, the second term of (3.5) is rewritten as
which is obviously bounded from above by
Finally, we study the first term of (3.5). By the same way as the second term, the term is rewritten as
and since x j−1 + x j is measurable with respect to F j−1,j , the last expression is bounded from above by
Then, using the trivial inequality again, we conclude that the last term is bounded by
Though the first term of (3.6) is directly estimated by Lemma 3.3, we need to treat the second term carefully. Precisely, since π i,j−1 = π i,j • π i,j−1 • π j−1,j , we have
Then, we can apply Lemma 3.3 to complete the proof. 
for any f ∈ L 2 (ν E,N ) with positive constants C and C ′ depending only on m. Then, by the definition of the spectral gap, the proof is complete.
Spectral gap for the long-range model
In this section, to show that inf N λ * ,m LR (1, N) > 0, we give a proof of Theorem 4 and Proposition 2.2.
Proof of Theorem 4.
By the definition of the spectral gap, it is sufficient to show that for all E > 0, N ≥ 2 and f ∈ L 2 (ν E,N ),
, by the definition of the spectral gap for 3-site system and the scaling relation (3.1),
Therefore
, by summing terms, we obtain
Proof of Proposition 2.2. Here, we use the idea developed by Caputo in [2] and generalize it. First, remind a well know equivalent characterization of the spectral gap of a generator L in L 2 (ν) as the largest constant λ that the inequality
holds for all f ∈ L 2 (ν). Then, by the Schwarz's inequality, we have
Now, we have
where the sum runs over all 
Therefore, it follows that
Now, we denote unordered triples {i, j, k} of distinct vertices by T (triangles). We say that b ∈ T if b = {i, j} and i, j ∈ T . Clearly, if b ∼ b ′ and b = b ′ there is only one triangle T such that b, b ′ ∈ T . We may therefore write
since for every b there are exactly N − 2 triangles T such that b ∈ T . Let us now apply the inequality (4.1) for L m, * LR to a fixed triangle T . Let F T denote the σ-algebra generated by {x l , l / ∈ T }. Then,
where we use ( i∈T x i ) m is measurable with respect to F T and ( i∈T x i ) m ≥ h b for any b ∈ T . Taking ν E,N -expectation to remove the condition on F T , we obtain that
On the other hand, since
we have 1
Therefore, combining the above inequalities, we complete the proof.
Examples
In this section, we present two interesting classes of stochastic energy exchange models for which we can apply Theorem 1. 5.1. the rarely interacting billiard lattice. As mentioned in Introduction, the main motivation of the article [10] was to study the models studied in [7] , [8] . Gaspard and Gilbert argued that in the limit of rare collisions, the dynamics of a billiard lattice becomes a Markov jump process. The limiting process is actually in the class considered in this paper. As shown in [10] , the process studied in [8] has the generator of the mechanical form with
The symbol ∨ denotes the maximum and ∧ denotes the minimum. This process is reversible with respect to the product Gamma-distribution with γ = 3 2
. Moreover, it is shown in [10] that this measure is also reversible for the process given by the generator corresponding to any other function Λ s (while keeping Λ r and P unchanged). Therefore, we consider the generator given by Λ s (s) = s m for m ≥ 0, and denote the spectral gap on S E,N of the process by λ m GG3 (E, N) where 3 represents the dimension of the original mechanical model.
Here, we also consider the process obtained from the two-dimensional billiard lattice studied in [7] . Changing equations (3) and (5) in [7] to our notation yields that
Since the underlying mechanical model has a two-dimensional configuration space for each of the constituent particles, this process is reversible with respect to the product Gamma-distribution with γ = 1. In the same manner as before, this measure is also reversible for the process given by the generator corresponding to any other function Λ s (while keeping Λ r and P unchanged). So, we consider the generator given by Λ s (s) = s m for m ≥ 0, and denote the spectral gap on S E,N of the process by λ m GG2 (E, N). Since these processes are of the mechanical form (1.5), λ
Proof. The fact λ 0 GG3 (1, 2) > 0 is shown in [10] since the case m = 0 satisfies the condition assumed in Lemma 5.1 of [10] . To showC GG2 > 0, we write down the explicit Dirichlet form associated to the two-dimensional model:
for all 0 ≤ α, β ≤ 1, we havẽ
.
With this result, we can apply Proposition 1.1 to these models directly and obtain the following corollary: 
5.2. stick processes. The class of stick processes studied in [5] is another interesting example in the class we considered. The model was first introduced as the microscopic model which scales to the porous medium equations. The generator of the model is described by the rate function and the probability kernel of the mechanical form as
where m is a positive parameter. α − 1 in [5] is associated to m here. The process is reversible with respect to a product Gamma-distribution with γ = 1. Denote the spectral gap for the stick process with parameter m on S E,N by λ 
Therefore, it is obvious that λ 
Then, for any a > 0,
By simple calculations,
Namely, for any 0 < a < Appendix A. Spectral gap for 3-site system
In this appendix, we give a proof of Lemma 2.2. From now on, we fix ν = ν γ 1/3,3 and denote by E the integration with respect to ν. For each n ∈ N, let P n be the set of polynomials of three variables of degree less than or equal to n andP n be the set of polynomials of one variable of degree less than or equal to n.
Since P n is dense in L 2 (ν), we havẽ
Then, since D * ,1
and G i is the σ-algebra generated by x i ,
Therefore, to showκ 1 > 1 3
, we only need to show that
Now, we construct a set of special functions which generates P n . First, for each n ∈ N, let J n ∈P n be
{J n } n∈N are orthogonal polynomials called the Jacobi polynomials with parameters (γ − 1, 2γ − 1) on the interval [0, 1]. We choose the parameter since {J n } n∈N are orthogonal with respect to the marginal of x 1 under ν, or precisely the beta distribution of parameters (γ, 2γ). By the construction, for 1 ≤ i ≤ 3,
Proof. We first remark that for any f ∈P n , E[f (x i )|x j ] ∈P n as a function of x j . Moreover, as shown in the proof of Theorem 3.2 in [17] , there exists a set of polynomials ψ n which satisfies E[ψ n (x i )|x j ] = ν n ψ n (x j ) for i = j and ψ n ∈P n where ν n = (−1)
. Then, since .4) and ν n = ν m for n = m, {ψ n } n∈N are orthogonal polynomials with respect to the marginal of x 1 under ν, which implies J n = c n ψ n for some c n = 0 and
Next, we consider following polynomials F n , G n , H n ∈ P n :
For any n ∈ N, let Q n denote a subspace of P n generated by F 0 := 1 and {F k , G k , H k } 1≤k≤n and Q ⊥ n be the orthogonal complement of Q n of P n equipped with the inner product induced from L 2 (ν).
Proof. For any f ∈ P n , by the explicit expression of the integration over two variables, it is not hard to show that E[f |x i ] ∈P n . The same property was pointed out in [3] . Therefore, E[f |x i ] = n k=1 t k J k (x i ) + t 0 with some constants t k . On the other hand, since 1, J k (x i ) ∈ Q n for 1 ≤ k ≤ n and by the assumption f ∈ Q ⊥ n , we have t k = 0 for 0 ≤ k ≤ n. For any f ∈ P n , we can write
n and constants a i , b i and c i . In particular, if E[f ] = 0, then a 0 = 0. Moreover, since F 1 = 0 on S1 3 ,3 , we take a 1 = 0. Then, for any f ∈ P n satisfying E[f ] = 0,
On the other hand,
Therefore, to show (A.1) we only need to show that
where µ is the beta distribution with parameters (γ, 2γ). Since {J n } is a series of orthogonal polynomials, we have
Define J n,m ∈ R for n ∈ N and 1 ≤ m ≤ n as
Then, we have
Therefore, we have
In the same manner, we have
Now, we change variables asã
Then, the conditions (A.9) and (A.10) can be rewritten as
where p k = 1 + Since for any sequence of positive numbers {α k } k≥2 ,
we have
where α 1 = 0 for convention. Therefore, we can conclude (A.14) if we succeed to show the following proposition. which satisfying
where α 1 = 0 for convention.
In the same manner, to show (A.15), we only need to show the following proposition. which satisfying
where β 0 = 0 for convention.
A.1. Some properties of constants. To prove the desired propositions, we first study some properties of constants ν n , p n and q n . Hereafter, to emphasize the fact that ν n , p n and q n depend not only on n but also γ, we denote them by ν n (γ), p n (γ) and q n (γ).
Lemma A.2. For each fixed γ > 0, |ν n (γ)| is decreasing as a function of n for n ≥ 1. Moreover, for each fixed n ∈ N, |ν n (γ)| is decreasing as a function of γ for γ > 0.
Proof. Since |ν n (γ)| =
Lemma A.3. p n (γ) > 0 for any n ∈ N and γ > 0. Moreover, for each fixed γ < 2 3 , p n (γ) is increasing as a function of n for n ≥ 1 and p n (γ) < Proof. By the definition,
Proof. By the definition,
and the numerator of the derivative is (12γ + 6n − 4)(2n + 3γ)(2n + 3γ − 2)
Lemma A.5. For each fixed 2 3 ≤ γ ≤ 2, |q n (γ)| is decreasing as a function of n for n ≥ 2. For each fixed 2 < γ ≤ 7 3 , |q n (γ)| is decreasing as a function of n for n ≥ 3. For each fixed γ < 2 3 , |q n (γ)| is decreasing as a function of n for n ≥ 2.
Proof. First, note that by the definition,
(n + 1)!Γ(n + 3γ) Γ(2n + 3γ + 1) × Γ(n + 1 + γ)(2n + 3γ − 1)n!Γ(n + 3γ − 1) (2n + 3γ + 1)(n + 1)!Γ(n + 3γ)Γ(n + γ) = − (n + 1)(n + 3γ − 1) (2n + 3γ)(2n + 3γ − 1) (n + γ)(2n + 3γ − 1) (2n + 3γ + 1)(n + 1)(n + 3γ − 1) = − 1 (2n + 3γ) (n + 3γ − 1)(n + 1)(n + γ) (2n + 3γ + 1)(2n + 3γ − 1)
For each n ∈ N, we have
(n + 2)(n + 3γ)(n + γ + 1) (n + 1)(n + 3γ − 1)(n + γ) .
For any γ > 0, (2n + 3γ + 3)(n + γ) − (2n + 3γ)(n + γ + 1) = n, so (2n + 3γ) (2n + 3γ + 3)
On the other hand, for 2/3 ≤ γ, since (2n + 3γ + 2)(n + 3γ − 1) − (2n + 3γ)(n + 3γ) = 3γ − 2, (2n + 3γ) (2n + 3γ + 2) (n + 3γ) (n + 3γ − 1) ≤ 1.
In the same manner, (2n + 3γ + 2)(n + 1) − (2n + 3γ − 1)(n + 2) = n − 3γ + 4, then if γ ≤ , then (2n + 3γ − 1) (2n + 3γ + 2) (n + 2) (n + 1) ≤ 1.
Next, we assume that γ < 2/3. As in the same way, since (2n + 3γ + 2)(n + 3γ − 1) − (2n + 3γ − 1)(n + 3γ) = n + 6γ − 2, for any n ≥ 2, (2n + 3γ − 1) (2n + 3γ + 2) (n + 3γ) (n + 3γ − 1) < 1 and (2n + 3γ + 2)(n + 1) − (2n + 3γ)(n + 2) = 2 − 3γ, (2n + 3γ) (2n + 3γ + 2) (n + 2) (n + 1) < 1. .
Proof. Instead of |q n (γ)| itself, we will consider the derivative of
The numerator of the derivative is
which is negative for any γ > 0 if n ≥ 3, and at least for γ ≥ (a + b). Therefore,
A.2. Proof of Proposition A.2 for γ ≥ . Here, we give a proof of Proposition A.2 for the case γ ≥ . Lemma A.8. For any fixed γ ≥ 2,
Proof. By the definition, for any γ ≥ 2,
On the other hand, for any γ ≥ 2, 1 4
and the lemma follows.
Lemma A.9. For any fixed
Proof. By Lemma A.2, A.4 and A.6,
and inf 2 3 ≤γ≤2
Then, the exact calculation shows
and α 5 (γ) = 1. Then,
and max n=3,5
Proof. Equations (A.16) and (A.17) hold by the choice of {α n (γ)} 4 n=2 . Therefore, we only need to show (A.18). For n = 3,
2 + 14γ + 12 (3γ + 6)(3γ + 4) = γ(3γ 2 + 7γ + 6) 6γ 3 + 23γ 2 + 26γ + 8 for the last inequality we use the fact that γ ≤ 2. For n = 5,
).
Here,
, and α 3 (γ) = 1. Then,
Proof. Equation (A.19) holds by the choice of α 2 (γ). Therefore, we only need to show (A.20). Note that
Then, since 3γ 4γ + 2 p 3 (γ) = 3γ 4γ + 2 6γ
2 + 14γ + 12 (3γ + 6)(3γ + 4) = γ(3γ 2 + 7γ + 6)
3γ |q 2 (γ)| 2 = (3γ + 1)(3γ + 2)(3γ + 6) (4γ + 2)(3γ + 3)(3γ + 4)(3γ + 5)
the lemma follows.
Proof of Proposition A.2 for γ ≥ 2 3
. First, assume that γ ≥ 2. Take α 2 (γ) =
+ ǫ(γ) where ǫ(γ) > 0 will be specified later, and α n (γ) = 1 for n ≥ 3. By Lemma A.2, A.3, A.7 and A.8,
holds. On the other hand, by Lemma A.11, for sufficiently small ǫ(γ) > 0
holds. Therefore, the proof is complete. The same argument works for the case . Here, we give a proof of Proposition A.3 for the case γ ≥ . Lemma A.12. For any fixed γ ≥ 2,
Therefore, for any γ ≥ 3, 1 4
On the other hand, and since −16 + 28γ + 44γ 2 − 3γ 3 > 0 for any 2 ≤ γ ≤ 3, we have
Lemma A.13. For any fixed
Proof. By Lemma A.2, A.4 and A.6, ≤ γ ≤ 2,
Lemma A.14. Let 0 < ǫ(γ) <
1+3γ
and β 1 (γ) =
and β 2 (γ) = 1. Then,
, p 2 (γ) = 2(3γ 2 + 4γ + 2) (4 + 3γ)(2 + 3γ) = 2γ 2 + 3γ + 4 (4 + 3γ)(2 + 3γ) ,
, and |q 2 (γ)| = 3(γ + 2)(3γ + 1) (3 + 3γ)(4 + 3γ) 2 (5 + 3γ) < √ 3(3 + 4γ) 2(4 + 3γ)(2 + 3γ) .
Therefore,
Now, to show (A.21), we only need to show that (8 + √ 3(3 + 4γ))(3γ + 1) 4(2γ + 1)(4 + 3γ)(2 + 3γ)
which is equivalent to (8 + 3 √ 3 + 4 √ 3γ)(3γ + 1) ≤ 2(3γ + 3)(2γ + 1)(4 + 3γ).
Then, by comparing coefficients of both sides, we conclude the proof.
Proof of Proposition A.3 for γ ≥ . First, assume that γ ≥ 2. Take β 1 (γ) as in Lemma A.14 and β n (γ) = 1 for n ≥ 2. By Lemma A.2, A.3, A.7 and A.12,
holds. Therefore, with Lemma A.14, we have
The same argument works for the case . Here, we give a proof of Proposition A.2 and A.3 for the case γ < ) is positive for any n ≥ 2 and increasing for n ≥ 2. Therefore, by Lemma A.5, |q n (γ)|(
holds. Therefore, there exists n 0 = n 0 (γ) ∈ N satisfying for any n ≥ n 0 ,
Then, it is obvious that
Define α n (γ) as follows:
if n ≥ 4 and n is even
if n ≥ 3 and n is odd (A.22) and α 1 = 0. Obviously, α n (γ) = 1 for any n ≥ n 0 = n 0 (γ).
Lemma A.15. For any n ≥ 2
Proof. In this proof, we denote ν n (γ), p n (γ) and q n (γ) by ν n , p n and q n when there is no confusion. By the definition,
and for any even number n ≥ 4,
Next, for n = 3,
and for any odd number n ≥ 5,
To conclude the proof, we will show that
Note that for any odd number n ≥ 3, . Namely we only need to show that
We can rewrite these inequalities as
Combing the fact that |q n | 2 is decreasing in n ≥ 2 and |ν n (γ)| is also decreasing in n, we only need to prove that
, the first inequality holds for all γ > 0. The second inequality is rewritten as
and since the coefficients of the polynomial (5γ + 4)(3γ + 3)(3γ + 4) 2 (3γ + 5) − 24(3γ + 2)(3γ + 1)(3γ + 6) are all positive, it is satisfied for any γ > 0. Finally, by Lemma A.16 below, to show the last inequality we only need to show that for 0 < a < 1 and 0 < x < 1. Then, it is easy to see that ∂ x f (x, a) > 0 and ∂ a f (x, a) < 0 for all 0 < x < 1 and 0 < a < 1. Therefore, for any n ≥ 2, . Define {α n (γ)} as (A.22). Then, for sufficiently large n ∈ N, α n (γ) = 1. Therefore, lim sup n→∞ (1 + 2ν n (γ)) p n + |q n (γ)| α n (γ) + |q n−1 (γ)|α n−1 (γ)
≤ lim sup n→∞ (1 + 2ν n (γ)) 1 2 + |q n (γ)| + |q n−1 (γ)| = 1 2 < 1 holds. Then, to show Proposition A.2, we only need to show that with this α n (γ),
(1 + 2ν n (γ)) p n (γ) + |q n (γ)| α n (γ) + |q n−1 (γ)|α n−1 (γ) < 1 for all n ≥ 2. Then, since for any γ < and n ≥ 2, p n (γ) < , the proof is complete with Lemma A.15.
Define β n as follows:
if n = 1 max{2|q n (γ)|( Next, for n = 2,
(1 − ν n (γ)) 1 2 + |q n (γ)| β n (γ) + |q n−1 (γ)|β n−1 (γ) ≤
(1 − ν n (γ)) 1 2 + max 2|q n (γ)
To conclude the proof, we will show that max 2|q 2 (γ)
Note that for any even number n ≥ 2, and odd number n ≥ 3, . Namely we only need to show that
for any even number n ≥ 4. We can rewrite these inequalities as Combing the fact that |q n (γ)| 2 is decreasing in n ≥ 2 and |ν n (γ)| is also decreasing in n, we only need to prove that . Define {β n (γ)} as (A.23). Then, for sufficiently large n ∈ N, β n (γ) = 1. Therefore, lim sup n→∞ (1 − ν n (γ)) p n (γ) + |q n (γ)| β n (γ) + |q n−1 (γ)|β n−1 (γ)
≤ lim sup n→∞ (1 − ν n (γ)) 1 2 + |q n (γ)| + |q n−1 (γ)| = 1 2 < 1 holds. Then, to show Proposition A.3, we only need to show that with this β n (γ),
(1 − ν n (γ)) p n (γ) + |q n (γ)| β n (γ) + |q n−1 (γ)|β n−1 (γ) < 1 for all n ≥ 1. Then, since for any γ < and n ≥ 1, p n (γ) < , the proof is complete with Lemma A.17.
